We present the calculation of coherent radio pulses emitted by extensive air showers induced by ultra-high energy cosmic rays accounting for reflection on the Earth's surface. Results have been obtained with a simulation program that calculates the contributions from shower particles after reflection at a surface plane. The properties of the radiation are discussed in detail emphasizing the effects of reflection. The shape of the frequency spectrum is shown to be closely related to the angle of the observer with respect to shower axis, becoming hardest in the Cherenkov direction. The intensity of the flux at a fixed observation angle is shown to scale with the square of the primary particle energy to very good accuracy indicating the coherent aspect of the emission. The simulation methods of this paper provide the foundations for energy reconstruction of experiments looking at the Earth from balloons and satellites. They can also be used in dedicated studies of existing and future experimental proposals.
add coherently [8] . This angle is mostly determined by the refractive index at 26 the shower maximum, simply because that is the region with more charge and 27 current and hence contributing most.
28
Fourteen out of the sixteen detected pulses were reconstructed to be coming 29 from distinct points on the polar ice cap and showed inverted polarity with 30 respect to the other two. This was interpreted as clear evidence that they were 31 detected after reflection on the polar ice cap. The reflection of the radio flashes 
42
In this article we simulate and describe the properties of radio pulses emitted 43 from extensive air showers after reflection off a surface. Most of the calculations 44 are performed in a configuration suited for a high altitude balloon flight over 45 Antarctica, however the developed methods can be applied to other reflective 46 surfaces and different detector altitudes. We modified the ZHAireS code [16] to 47 calculate the radio emission from air showers after reflection on a flat surface. 48 We first describe the geometry and explain the assumptions made to adapt 49 the program to calculate the reflected radiation. After this we generate a 50 set of simulations to investigate the signal properties as a function of off-51 axis angle, frequency, zenith angle, and energy of the primary particle, and 52 stress the importance of properly accounting for the Fresnel coefficients in the 53 reflection, as well as for the propagation of the pulses towards the top of the 54 atmosphere. In the Appendix we use a ray tracing code and a simplified model 55 for the emission (that displays the main features of the predicted radiation as 56 has been justified elsewhere [8, 17] ), to confirm that the effect of curved light 57 trajectories can be neglected. 58 
Geometry and scales relevant for reflected events

59
The appealing aspect of observing radiation of air showers after reflection is 60 that a large atmospheric volume can be monitored with a single detector. 61 Therefore, the most interesting geometry is given by air showers that impact 62 Earth's surface at large zenith angles. The basic geometry of the problem is 63 sketched in Fig. 1 . We define a rectangular coordinate system with the z-axis 64 pointing upwards in the vertical direction and the x − y plane tangent to the 65 Earth's surface. The reflective surface will be approximated by this plane. The 66 origin of the coordinate system is the point at which the shower axis intercepts 67 the Earth's surface which is assumed to be at a ground altitude z g above sea 68 level. The zenith angle of the shower, θ, is defined with respect to the z−axis. 69 We define the off-axis angle ψ in Fig. 2 , to describe the angular deviation of 70 the emitted radiation with respect to the shower axis 1 . A generic detector 71 is positioned at a point with vertical altitude h d . In Fig. 1 the detector is 72 displayed in a special position such that it sees the reflected radiation which 73 was emitted precisely along the direction of shower axis with ψ = 0
• . The alti-74 tude at which shower maximum (X max ) is reached, h Xmax , is also of relevance. 75 Besides determining the angle at which the emission is largest [8] , it also sets 76 the scale of distances the pulse has to travel to reach the detector, coordinate system to shower maximum and to the detector.
79
We illustrate the typical scales of this geometry by showing in Fig. 3 
96
A relevant parameter is the Cherenkov angle, ψ C ≈ cos −1 (1/n), at the location 97 of X max that is directly obtained using the refractive index n at the correspond-98 ing altitude, h Xmax . In the following the refractive index is approximated by 99 a simple exponential function of altitude h given by n(h) = 1 + η 0 e −κh , with 100 η 0 = 325 × 10 −6 and κ = 0.1218 km −1 [16] . The Cherenkov angle at X max is 101 shown in Fig. 3 [20] with the "ZHS algorithm" 105 which was originally developed to calculate radio emission from high energy 106 showers in homogeneous ice [21, 22] and then extended for use in air show-107 ers [16, 23] . The contribution from each track element to the radio pulse at 108 any given position and time is calculated in ZHAireS assuming the particle 109 travels at a constant speed and in a rectilinear motion and also accounting for 110 the travel times taken by the radiation to reach from each of the ends of the 111 track [16, 24] . To calculate travel times in ZHAireS we perform a numerical 112 integration to account for the variation of the index of refraction with altitude 113 assuming that the emission travels in straight lines to the observer (see below). 114 The curvature of the Earth's atmosphere is fully accounted for in AIRES.
115
We have modified the ZHAireS code to deal with the reflection of air shower 116 radio emission on a surface. For each rectilinear track element we first find 117 the point on the reflection surface and the angle of emission of radiation with 118 respect to the track so that the emitted ray propagates first to the reflection 119 point and then upwards towards the observer at a fixed position. Approximat-120 ing the reflection surface to a plane makes it trivial to obtain this reflection 121 point for a ray coming from any point in the atmosphere. Once this is known, 122 the time delay due to the refractive index is easily calculated integrating the 123 travel time over the total path of the ray before and after the reflection. We 124 assume that the emission travels in a straight lines to the observer. We have 125 explored the validity of this approximation using a simple one dimensional 126 model to produce pulses which resemble the fully simulated ones. This the Cherenkov angle at X max as a function of shower zenith angle. For the location of X max we used the average value of X max as a function of energy as measured by the Pierre Auger Collaboration [18, 19] .
allows the calculation of travel times using numerical methods to propagate 128 signals along curved trajectories. The properties of the pulses obtained with 129 straight ray approximation are equivalent to those accounting for curvature 130 up to shower zenith angles θ ∼ 85
• and frequencies of ∼ 1 GHz. This study is 131 described in detail in the Appendix.
132
As mentioned before, we approximate the reflection surface to the xy-plane 133 defined in Section 2, assumed to be perfectly flat. The bulk of the emission 134 has been shown to be concentrated in a cone that makes a small "off-axis" 135 angle ψ to the shower direction as shown in Fig. 2 . This angle is very close 136 to the Cherenkov angle (0.5
• − 1 • ) at an altitude at which shower maximum 137 occurs [8] . As a consequence the illuminated region on the reflective surface is 138 relatively small, of order 0.5 km × 1 km (1.5 km × 10 km) for a θ = 60
• (80 • ) 139 shower. As a result it is reasonable to ignore the differences in the orientation 140 angle and altitude of the reflecting surface at the locations of the different 141 reflection points across the illuminated area. These differences are below 0.1
and a few meters respectively even for showers of θ = 80
• . There are other 143 important aspects to the flat mirror approximation. When rays are reflected on 144 a convex and rough surface they will diverge after reflection, and therefore the 145 power received at a given surface element will be typically less than when a flat 146 reflector is assumed. These effects have been studied in [15] and [25] , and have 147 little impact at moderate zenith angles, however they can become significant 148 for high zenith angles (θ > 80
• ). Results of the simulations with the reflective 149 surface assumed flat can be corrected "a posteriori" following the procedures 150 outlined in [15, 25] . Such calculation is however very detector specific, and 151 out of the scope of this article. Despite this, we expect the simulation method 152 presented in this work to be very suitable for that purpose.
153
At each reflection point the Fresnel coefficients are applied to the time-domain electric field to calculate the attenuation of the components with polarization parallel, r , and perpendicular, r ⊥ , to the reflection plane, defined by the normal to the reflecting surface and the direction of the radiation:
, and r =
(1) The Fresnel coefficients for an air-ice interface are shown in Fig. 4 as a function 154 of zenith angle θ of the incident ray. A large fraction of the components of 155 the field is not reflected below θ ∼ 70
• − 80
• , and in fact at the Brewster 156 angle at θ ∼ 53
• the parallel component is not reflected at all. The coefficients 157 change rapidly above θ ∼ 60
• . Clearly they have a drastic impact on the the 158 overall amplitude, the polarization and the zenith angle dependence of the 159 radio signal as will be shown in Section 4. 
165
We place antennas at a fixed altitude h d = 36 km above sea-level, and choose 166 the reflecting surface to be at z g = 2 km above sea-level. We adopt a refractive of 55 µT and an inclination of −70
• . We generated proton showers with zenith 
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Results
181
To illustrate some of the typical features of the radio signal, we display in Fig. 5 182 the flux density Φ as a function of frequency and off-axis angle ψ for an air 183 shower with zenith angle θ = 71
• and a energy E = 10 17.8 eV. The flux density 184 in this case is defined as the power spectrum at a fixed frequency f averaged 185 over a period of 10 ns, and is given in units of pW m −2 MHz −1 throughout 186 this paper. In the top left panel of Fig. 5 we show the two-dimensional dis-187 tribution as a function of ψ and f which displays coherent properties and is 188 clearly beamed around the Cherenkov angle at ∼ 0.77
• . This can be better 189 appreciated in the bottom left panel where we show the off-axis distributions 190 for different frequency components of the pulse. As the frequency increases 191 the radiation adds coherently only within a smaller angle off the Cherenkov 192 cone. In the right panels in Therefore, this method can also be applied when the reflector is not in the
215
Fraunhofer limit.
216
We compare the specular approximation to the results of the full ZHAireS 
θ = 57
• (Fig. 6 left) the distribution in ψ is significantly wider what can lead 223 to orders of magnitude of over-estimation of the flux density for the larger off-224 axis angles. For θ = 71
• (Fig. 6 right) we still see relevant deviations between 225 the two methods, but they are significantly reduced compared to the lower 226 zenith angle case. Significant deviations are also found at other frequencies. 227 Moreover, the shapes of the frequency spectra obtained with the two methods 228 also differ appreciably.
229
It is interesting to explore how the radiation changes with zenith angle for 230 a primary particle with fixed energy. As the zenith angle increases the flux 231 density Φ decreases. This can be seen in the left panel of Fig. 7 , displaying Φ 232 at f = 300 MHz as a function of ψ for an air shower induced by a primary 233 particle with energy E = 10
18.4 eV. The dominant effect in the decrease is the 234 increasing overall distance to the detector with θ (see Fig. 3 ). Other effects 235 however compensate the decrease in Φ. The angle α of the shower axis to the 236 Earth's magnetic field at the South Pole increases in the range of θ shown 237 in Fig. 7 , and the geomagnetic contribution is known to scale with sin α. 238 Also showers of increasing θ develop in a less dense atmosphere where the 239 geomagnetic contribution to the electric field is expected to be increasingly 240 larger [30] . The net result, including other more subtle effects [29] , is a decrease 241 of Φ with θ.
242
To illustrate the importance of accounting for the Fresnel reflection coefficients 243 they were artificially set to 1 in the simulations shown in the left panel of 244 Fig. 7 , while in the right panel they are taken into account. Comparing both 245 panels, the peak value of the flux density is largest at relatively high zenith 246 angles (θ ∼ 80
• ) when the Fresnel coefficients are accounted for, contrary 247 to what is seen in the left panel where the peak value of Φ is achieved at 248 the smallest zenith angles. This suggests that detection can be expected to 249 be most favorable for θ around 80
• . A thorough calculation of the acceptance 250 integrating over area and solid angle [13] should also account for the reduction 251 
Energy dependence
255
From the set of simulations we have examined the energy dependence of the 256 radio signal. As before, we use the flux density at a reference frequency f = 257 300 MHz for a shower of θ = 71
• .
258
In Fig. 8 we select three off-axis angles and plot the flux density as a function of 259 the primary particle energy. We fit a simple linear function to the dependence 260 of log 10 Φ on log 10 (E) and find a slope that is consistent with 2. This confirms In this paper we implemented the treatment of surface reflection for radio 277 signals from air showers, upgrading existing ZHAireS simulations 3 .
278
As a case study we simulated radiation from a set of air showers at a high 279 altitude position over Antarctica inspired by the ANITA experiment which has 280 provided the only measurements of reflected radio pulses from air showers up to 281 now. We described and explained the flux density distributions as a function of 282 frequency, energy and zenith angle of the primary cosmic ray particle. We have 283 stressed the importance of accounting for the Fresnel-reflection coefficients 284 attenuating the components of the field, as well as accounting for the fact 285 that reflection also alters the relative time delays of emission from different 286 regions of the shower affecting the coherence properties of the pulses.
287
A clear quadratic correlation between the radio observable (flux density) and 288 the shower energy has been observed in ZHAireS simulations with reflection. 289 The intercept of the correlation depends on the off-axis angle which can be 290 related to the exponential fall-off of the spectral distribution of the flux density. 291 This provides the basis for the determination of shower energy from a single 292 location [28] .
293
Several approximations were made in the implementation of the reflection in 294 the ZHAireS code. The reflective surface is assumed to be a plane and we 295 argued that this is a good approximation as long as the shower zenith angle 296 is θ 80
• . Also the emitted radiation is assumed to travel along straight 297 lines to the ground and then to the detector, an approximation that has been 298 extensively verified in Appendix A.
299
Finally, we foresee many applications of this code to the design and feasibil-300 ity studies of future large exposure cosmic ray detectors based on the radio 301 technique applied to air showers [15, 13] . surface is assumed to be at sea level for these calculations. Since the gradient 376 of an exponential atmosphere is largest at sea level, it can be expected that 377 curvature effects for reflection from surfaces at higher altitudes will have less 378 impact than estimated here.
379
In Fig. A.1 (top panel) we show the relative arrival times of radio signals 380 emitted from different positions along the shower axis of a θ = 70
• shower.
381
They have been calculated with the straight and curved ray approximations 
420
For that purpose, we model a shower with zenith angle θ as a one-dimensional charge distribution varying with time N (t) as the shower propagates along a given direction at the speed of light c [17]. In the Fraunhofer approximation [23] , the electric field induced by this line of charge is proportional to the charge N (t), to r −1 (t), with r(t) the distance between the emission point and the observer position, and carries a phase factor to account for the time delay between the arrival of the signal emitted from different positions along the line:
Here ω is the angular frequency and t a is the arrival time at the observer of a signal emitted at time t, where
This approximation was developed for a homogeneous, isotropic and non-421 conductive medium but it can be extended to the atmosphere accounting for A.3 Validity of the straight ray approximation 438 We used the simplified one-dimensional model described above to test the 439 straight ray approximation. The arrival times t a at the detector to be used in 440 Eq. (A.1) are calculated integrating the travel time along both straight and 441 curved paths using the ray tracing algorithm explained above. The electric field constant N (t), r(t) and t a (t).
445
The results using the straight and curved ray calculations are compared in , as a function of the off-axis angle ψ for three frequencies. The observers are located at different ψ angles on the ground (red solid lines) and at an overall distance ∼ 130 km to X max after reflection (blue dashed lines). The shower has θ = 70 • and X max at an altitude above ground h Xmax ∼ 10.4 km. The results of curved (points) and straight (lines) rays calculation are shown. From top to bottom, the observation frequencies are 50, 300 and 900 MHz. Bottom: the same as in the top panel with the observers located on the ground and at an overall path distance of ∼ 648.5 km. The shower has θ = 85 • and h Xmax ∼ 16.5 km. In both panels the fields on the ground are rescaled with the corresponding ratio of the distance to the ground and the total distance to the detector for visibility.
